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Abstract 

In this endeavor, we prove that Ulam's conjecture is true for connected 
graphs. Initially, we present a new algorithm for graph isomorphism. We 
then transform the statement of the conjecture to the newly developed algo- 
rithm. 



*Thank You JESUS. 
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1 Introduction 



In 

• This 

o Endeavor, 

> We 

- Show that: 

"Warn 's-conjecture" 

• Is: 

"true" 

for 

• Finite 

o Connected 
o Unlabeled 
o And undirected: 

> Graphs 

with 

• No: 

o Multi edges 

> And 

- Self loops. 

• If: 

G 

• Is: 

"a graph," 
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• Then: 

is 

• Defined 

o To: 

> Be 

the 

• Graph 

o Obtained 

> By: 

- Deleting 

the 

• Vertex: 



The 



G - v % 



o Conjecture: 

> Can 

be 

• Stated 

o As, 

> Let: 

G and H 

be 
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• Graphs, 

o And 

> Let: 

G have: 
H have: 

• Where: 

• Then 

o If 

> For 

- Each: 



the 



Subgraphs: 



V 
V 

P > 3. 



Gi 
Hi 



are 



Isomorphic, 
o Then: 



vertices 
vertices 



G 
H 



- Vi 



- Ui 



G 



and 



H 



are 

• Isomorphic. 

o See 



> Harary [2]: 

- For details. 

• Initially, 

o For 

> The: 

- Sake 

of 

• Proving 

o The: 

> Conjecture, 

we 

• Give 

o A new: 

> Algorithm 

for 

• Graph 

o Isomorphism. 

> We: 

- Then transform 

the 

• Statement 

o Of 

> The: 

- Conjecture 

to 



• That 

o Algorithm. 

> But: 

- Even though, 

we 

• Prove 

o The: 

> Conjecture 

for 

• Undirected 

o And 

> Unlabeled: 

- Graphs, 

we 

• Do 

o It 

> By: 

- Generating 

a 

• Set 

o Of 

> Automata: 

- From 

the 

• Original 



o Graph. 

> And: 

- So 

in 

• Sub section 2.1, 

o We give 

> A brief: 

- Introduction 

to 

• Automata 

o Theory. 

> Let: 

G 

• Be: 

"a graph." 

• Then: 

V(G) and E{G) 

are 

• The 

o Set 

> Of: 

vertices and edges 

• In: 

G. 
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• Alternatively: 

can 

• Be 

o Written 

> As: 

• Also 

o If: 

are 

• Graphs, 

o Then: 

• Means: 

is 

• A subgraph 

o Of: 

• Also: 



G 

(V(G), E{G)). 
G a and G b 

G a C Gb 
G a 

G b . 

/-< rvj s-t 
Lr a = Lrf, 
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• Means: 



G a 

are 

• Isomorphic. 

o An 

> Undirected: 

- Edge 

between 

• Two 

o Vertices, 

> Say: 



is 

• Written 

o As: 



• And 

o A directed 
> Edge 
- From: 



Vi 

• Labeled: 



IS 

• Written 

o As: 

• Also: 



(Vi, Vj, a). 



N 



is 

• Defined 

o To: 

> Be 

the 

• Set of 

o All 

> Positive-integers: 

- Including zero. 

• Also: 

is 

• Defined 

o To: 

> Be 



P(5) 



the 

• Power 
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o Set 
> Of: 



Also: 



c, 



C. 



u, 



Used 

o To denote: 

> Set membership, 

> Is a subset of a set, 

> Is a proper subset of a set, 

> Set union, 

> Set intersection, 

> Cross product 

- Respectively. 



2 Isomorphism algorithm 

2.1 Basic automata theory 

Let: 

G 

be 

• An undirected, 

o Unlabeled 

> And connected: 

- Graph. 

• And 

o Let: 

Vi and v t 

be 

• Two 

o Vertices 

> In: 

- It. 

• Then 

o Randomly 

> Assign: 

a JabeJ and a dkection 

to 

• All 

o Edges 
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> In: 
- It, 



such that, 
• There 



o Will: 
> Be 



at 

• Least 



o One 

> Path 

- From: 



• Then 

o Rename 

> The vertices, 

- Such that: 

Vi becomes: 

• And 

o Call 

> Them: 

- States. 

• And 

o Also 

> Call: 



the 

• Initial 



o State, 
> And: 



the 

• Terminal 

o State. 

> Note that: 

- In theory, 

we 

• Do 

o Not: 

> Have 

to 

• Rename 

o Vertices 

> This: 

- Way. 

• But 

o We 

> Do: 

- It 

for 

• Convenience. 



Qt 
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o And so 

> Then, 

- We see that: 



Now 

o Become 

> An automaton 
- with: 



The only 

o Initial 
> State, 
- And: 



The 

o Only 

> Terminal: 

- State. 

Note that, 
o In 

> General: 

- There 



can 

• Be 

o Any: 

> Number 

of 

• Initial 

o And 

> Terminal: 

- States. 

• But 

o At 

> Present: 

- There 

is 

• Only 

o One: 

initial-state and 

• Also 

o Since 

> There: 

- Is 

a 

• Path: 

Ci, <7 2 , 



terminal-state. 



On 
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From: 



we 

• Say 

o That, 

> The 

- String: 



is 

• Accepted 

o By 

> That: 

- Automaton. 

• The set 

o Of 

> All: 

- Strings 

accepted 

• By 

o An automaton 

> Is 

- Called: 



to: q t , 



a x a 2 ...an 
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"the behavior 



of 

the automaton." 



• We 

o Use: 

to 

• Denote 



1*1 



o The 

> Behavior 
- Of: 



Figure 1 : Automaton srf with q 1 as the only initial state and q 3 as the only 
terminal state. 



9i ai Q2 02 qs 



For 



o The 

> Automaton: 



in 
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• Figure 1: 

• Also 

o If 



= { 0"icr 2 }. 



> There: 
- Is 



• Cycle 
o In 



> An: 

- Automaton, 



then 



Its 



o Behavior 

> Will be: 
- Infinite. 



Figure 2: Automaton 
terminal state. 



szfi with q 1 as the only initial state and g 3 as the only 




<?4 03 q 3 



For 
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o The 

> Automaton: 



in 

• Figure 2: 

• Also we see that, 

o Many 

> Different: 

- Automata 

can 

• Be 

o Generated: 

> Using 

the 

• Above 

o Method. 

> But: 

- Even though, 

the 

• Automaton 

o Is 

> Generated: 

- Randomly, 
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we see that, 

• There 

o Is 

> A finite: 

- Upper bound 

to 

• The 

o Number 

> Of: 

- Automata 

that 

• Can 

o Possibly 

> Be: 

- Generated, 

provided 

• The 

o Set 

> Of: 

- Alphabets 

used 

• To 

o Label 

> The: 

- Graph 



Always: 

o Finite 

> And 

- Fixed. 

And so 

o When 

> We: 

- Generate 

Automata 

o Using 

> The above: 

- Method, 

Provide 

o A means 

> To: 

- Choose 

Particular 

o Automaton: 

> From 



Set 



o Of 

> All: 

- Possible automata. 

• Also 

o We 

> Say: 

"an automaton is generated from 

when 

• The above 

o Method 

> Is: 

- Used 

to 

• Generate 

o An: 

> Automaton. 

• Also 

o If: 

si 

is 

• An 

o Automaton, 

> Then: 

24 



IS 

• The set 

o If 



> All 

- States in: 



• And: 

is 

• The 

o Set: 

> Of 

all 

• Initial 

o States 

> In: 

• And: 



is 

• The 

o Set: 
> Of 
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all 

• Terminal 

o States 

> In: 

• And: 

is 

• The 

o Set: 

> Of 

all 

• Edges 

o In: 

• Alternatively, 

o If: 

• Then: 

is 

• The 



(Q, I, T, Z), 



Q 
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o Set: 

> Of 

all 

• States 

o In: 

• And: 

is 

• The 

o Set: 

> Of 

all 

• Initial 



o States 
> In: 



• And: 

is 

• The 

o Set: 



T 



Of 
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Terminal 

o States 
> In: 



And: 



The 
o Set: 



Of 



Edges 
o In: 

And so 
o For 



> Any 

- Automaton: 



We see that: 



/CO C Q(sf), 
T(0 c Q(s/). 
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• Also 
o If: 



are 

• Two 



o States 
> Of: 



And 
o If 



> There: 
- Is 



an 

• Edge 



that 

• Edge 
o Is 



> Represented 
- As: 



and qj 



o From: 

qi to: qj labeled: a, 



(ft, a, Qj)- 



Also 
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o If: 



An 



o Edge, 
> Then: 



The 

o State 

> From 



And: 



The 



o Label 
> Used 
- In: 



And: 



7Ti e 



- Which: 

"e begins" 

7r 2 (e) 
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IS 

• The 

o State 
> In: 



- Which 

• Exemplifying, 

o If: 

is 

• The 

o Representation 
> Of: 

• Then: 



'e ends." 



(Qi, Qj) 



7Ti(e) = qi, 
7r 2 (e) = a, 
7r 3 (e) = qj. 



Also 
o In 



> The: 
- Same 



way, 
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• Two 

o Graphs 

> Can: 

- Have 

the 

• Same 

o Names: 

> For 

all 

• Vertices, 

o We see that, 

> Two: 

- Automata 

can 

• Also 

o Have 

> Same: 

- State names. 

• And 

o So 

> Let: 

e 1 e and e 1 e Z(szt 2 )- 

• Then 

o We 

> Say 
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- That: 

ei and e 2 

have 

• The 

o Same: 

> Representation, 

if 

• And 

o Only 

> If: 

TTi(ei) = 7Ti(e 2 ), 
7T 2 (ei) = 7r 2 (e 2 ), 
7T3(ei) = vr 3 (e 2 ). 

• Exemplifying, 

o If 

> The 

- Representation of: 

ei 

• Is: 

• And 

o That 

> Of: 
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e 2 



• Is: 

• Then: 

ei and e 2 

have 

• The 

o Same: 

> Representations. 

• But if 

o The 

> Representation 

- Of: 



Is: 



• And 



o That 
> Of: 



ei 



(Qi, <?, Q2), 



Is: 



then 



e 2 



(Qi, Qs), 
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The 



o Representations 
> Of: 



ei and e 2 



are 

• Different. 

o Also: 
> If 

the 

• Representation 

o Of: 

• Is: 



And 



o That 
> Of: 



• Is: 

then 

• The 

o Representations 



ei 



(Qi, o-i, 52). 



e 2 



(qi, (T 2 , q 2 ), 
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> Of: 

ei and e 2 

are 

• Different. 

o Let: 

&/i and g/ 2 

be 

• Two 

o Automata. 

> Then 

- We say: 

Z(M) c Z(4), 

if 

• For 

o All 

> Edges 

- In: 

there 

• Is 

o An 

> Edge 

- In: 

2W) 
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with 

• The 

o Same 

> Representation. 

- Also: 

is 

• Used 

o To: 

> Denote 



the 

• Set 

o Of 



> All: 

- Alphabets 



used 

• In 

o The 

> Edges 

- Of: 

• Exemplifying, 

o For 

> The 



E(0 



- Automaton: 
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in 



• Figure 2: 

• Let: 



{ 01, (72, (73, (74 }. 



be 

• An 

o Automaton, 

> And 

- Let: 

qi and q t 

be 

• The 

o Only: 

initial-state and terminal- state 

in 

• It 

o Respectively. 

> Also 

- Let: 



q a e QK), 



such that, 
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• There 



o Is 

> A path 

- From: 

Qt to: q a . 

• And 

o Also 

> Let: 

- There 

be 

• No 

o Path 

> From: 

Qa to: q t . 

• Then 

o It 

> Is: 

- Obvious 

that, 

• If: 

Qa 

is 

• Removed 

o From: 
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its 

• Behavior 



o Will 

> Not: 

- Change. 

• And 

o So 

> We: 

- Call 

such 

• States: 

• Let: 

such that, 

• There is 

o No 

> Path 

- From: 

qi to: 

• Then 

o It 

> Is: 



"useless-states." 
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- Obvious 

that, 

• If: 

is 

• Removed 

o From: 

its 

• Behavior 

o Will 

> Not: 

- Change. 

• And 

o So 

> We: 

- Call 

such 

• States: 



• The 



o Automaton: 
> Obtained 



"useless-states." 
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by 

• Removing 

o All 

> Useless: 

- States 

from 

• Say: 

si 

is 

• Called: 

"the trim of : a?." 

• Briefly 

o Put, 

> We: 

- Say 

that, 

• An 

o Automaton 

> Is: 

- Trim, 

if 

• From 

o Every 

> Initial: 

- State, 



42 



there 

• Is 

o A path: 

> To 

at 

• Least 

o One 

> Terminal: 

- State, 

• And 

o All 

> Terminal: 

- States 

can 

• Be 

o Reached: 

> From 

at 

• Least 

o One 

> Initial: 

- State, 

• And 

o All 

> States: 



- Can 

be 

• Reached 

o From 

> At: 

- Least 

one 

• Initial 

o State, 

> And: 

- There 

is 

• A path 

o From 

> All: 

- States 

to 

• At least 

o One 

> Terminal: 

- State. 

• Also 

o We 

> Use: 

trim(£/) 
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to 

• Denote: 



"the trim of: stV 

• Note that, 

o The 

> Automaton: 

- Generated 

by 

• The 

o Above: 

> Method 

may 

• Not 

o Be: 

> Trim. 

• But 

o If 

> The 

- Function: 

trim 

is 

• Applied 

o After 

> Generating: 
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- An automaton 

using 

• The 

o Above: 

> Method, 

we 

• Say 

o That, 

> A trim: 

- Automaton 

is 

• Generated. 

o Also 

> It is: 

- A theorem 

that, 

• There 

o Can be 

> Two: 

- Automata, 

such that, 

• They 

o Both 

> Will: 

- Have 



the 

• Same 

o Behaviors, 

> And: 

- At 

the 

• Same time 

o Have 

> Different: 

- Number 

of 

• States. 

o And so 

> From: 

- This, 

• And 

o Since 

> The: 

- Number 

of 

• States 

o In 

> An: 

- Automaton 

cannot 



• Be 

o Zero, 

> We see that: 

- For 

every 

• Automaton, 

o There 

> Will: 

- Be 

an 

• Equivalent 

o Automaton 

> With: 

- Minimal number 

of 

• States. 

o See 

> Ullman [1]: 

- For details. 

• Let: 

srf\ and £/ 2 

be 

• Two 

o Minimal 

> Automata, 
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- Such that: 



1^2 



2|- 



Then 

o We see that, 

> There: 

- Exists 

Unique 

o Mapping: 

> Between 

Elements 
o Of: 



and 



And 



o Also: 



> Between 



Elements 



o Of: 



2K) 



and 



See 



o Ullman [1] 
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> For: 

- Proof. 



And 



o So 

> From: 
- This, 



we see that, 
• The 



o Underlying 
> Graphs 
- Of: 



will 

• Be: 

o Isomorphic. 
Lemma 1. Let: 

a?! 

be 

• Two 

o Minimal 

> Automata, 
- Such that: 

• Then 



and 



and 
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o The 

> Underlying 
- Graphs of: 



will 

• Be: 

o Isomorphic. 

2.2 Examples 

In 

• All 

o Figures, 

> For: 

- The sake 

of 

• Readability, 

o We: 

> Do 

not 

• Explicitly 

o Mention 

> Which: 

- State 

is 

• The 



and 
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o Initial: 

> State, 

And 

o Which: 

> Is 



the 

• Terminal 



o State. 

> But: 

- We 

assume 

• That, 

o If 

> There: 

- Is 

no 

• Incoming 

o Edge 

> To: 

- A state, 

then 

• It 

o Is 

> An: 

- Initial state; 



• And 



o If 

> There: 

- Is 

no 

• Outgoing 

o Edge 

> From: 

- A state, 

then 

• It 

o Is 

> A terminal: 

- State. 

2.2.1 First example 

Let: 

G a and G b 

be 

• Graphs 

o As 

> Shown: 

- In figure 3. 
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Figure 3: Graphs G a and G b . 

G a Gb 



Vi 



V2 



V3 



• Then 

o Assign: 

a JabeJ and a direction 

to 

• The edges 

o In 

> Those: 

- Two graphs, 

such that, 

• The 

o Label 

> Used: 

- Will 

always 

• Be 

o From: 

E = { a }. 

• The 

o Graphs 
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> So: 

- Obtained 

are 

• Shown 

o In: 

> Figure 4. 

Figure 4: Gb and Gb after directions and labels are given. 

G a G b 



• Then 

o Rename 

> The vertices, 
- Such that: 

Vi becomes the state: q±, v 2 q 2 , v 3 q 3 , and t> 4 q 4 . 

• And 

o Call: 

G a 

the 

• Automaton: 

six 

• And: 
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G h 



the 

• Automaton: 

• The 

o Automata: 

& 

are 

• Shown 

o In: 

> Figure 5. 



and 



Figure 5: Automata sf\ and srfi- 



qi ° (h <i3 ° 



• Then 

o From 

> Lemma 1, 

- We see that: 

| Ml = K2I implies: G a = G h . 

• And 

o So 
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> We: 
- Use 



the 

• Algorithm 

o To 

> Check: 

- Whether 

two 

• Automata 

o Have 

> The: 

- Same behavior 

to 

• Develop 

o The new 

> Isomorphism: 

- Algorithm. 

• Those 

o Things: 

> Other 

than 

• Automata 

o Behavior 

> Equivalence: 

- Algorithm 
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that 

• Are 

o Required 

> To: 

- Develop 

the 

• New 

o Isomorphism: 

> Algorithm 

is 

• Illustrated 

o In 

> The next: 

- Example. 

2.2.2 Second example 

Let: 

G a and G b 

be 

• Graphs 

o As 

> Shown: 

- In figure 6. 
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Figure 6: Graphs G a and 



G a 



Vi 



V2 



V 3 



• Note that, 

o In 

> The previous: 

- Example, 

since 

• There 

o Was 

> Only: 

- One edge, 

we 

• Could 

o Generate: 

> Only 

one 

• Set 

o Of: 

> Automata 

from 

• Each 
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o Of 

> Those: 

- Graphs. 

• But 

o When 

> There are: 

- Three vertices, 

we see that, 

• Since 

o Automata 

> Are: 

- Generated 



at 

• Random, 

o Many 

> Set of: 

- Automata 

can 

• Be 

o Generated. 

> The: 

- New algorithm 

checks 

• All 

o Cases: 

> Until 
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one 

• Case 

o Gives 

> A positive: 

- Result, 

• Or 

o Until 

> All: 

- Cases 

have 

• Been 

o Exhausted. 

> We: 

- Prove 

that, 

• If 

o The 

> Graphs: 

- Are isomorphic 

then 

• At 

o Least 

> One: 

- Case 



• Give 

o A positive: 

> Result. 

• But 

o If: 

> Not; 

then 

• All 

o Cases 

> Will: 

- Give 

a 

• Negative 

o Result. 

> In this: 

- Sub sub section, 

we 

• Give 

o Two: 

> Cases. 

• The 

o First 

> One: 

- Gives 

a 
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• Negative 

o Result, 

> While: 

- That 

of 

• The 

o Second 

> Is: 

- Positive. 

Case one. Randomly 

• Assign: 

a label and a dkection 

to 

• The edges 

o In 

> Those: 

- Two graphs, 

such that, 

• The 

o Label 

> Used: 

- Will 

always 

• Be 
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o From: 



{ 0"2 }• 



• The 

o Graphs 

> So: 

- Obtained 

are 

• Shown 

o In: 

> Figure 7. 

Figure 7 : G a and G b after directions and labels are given. 

G a G b 



Then we see that, 



o Two 

> Trim: 

- Automata 



can 

• Be 



o Generated 
> From: 



64 



G a , 

• And 

o From: 

G b 

we 

• Can 

o Generate: 

> Three. 

• Trim 

o Automata 

> Generated 

- From: 

G a 

are 

• Shown 

o In: 

> Figure 8, 

• And 

o That 

> From: 

G b 

are 

• Shown 

o In: 

> Figure 9. 
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Figure 8: Automata generated from G a . 



Qi ° x <l2 Q2 °" 2 <?3 



Figure 9: Automata generated from G b . 



1 = |«5*3 1 

And 

o So 

> Map: 

And: 

And 

o Consider 

> The 

- Pairs: 



and 



to: 



to: 



Q4 ai q, q 5 a2 q 6 q± ° x q 5 ^ 



Then 

o We see that: 



1, -5*2) and (••/.•!• •'/) 
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• Then 

o We see that, 

> The: 

- Names 

of 

• The 

o Terminal: 

> States 

of 

• Both 

o Automata 

> In: 

are 

• The 

o Same. 

> But 

- In: 

the 

• Terminal states 

o Are 

> Named: 

- Differently. 



3, 
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• And so 

o We see that, 

> Even 

- Though: 

| M| = 

there 

• Is 

o No 

> Mapping: 

- Between 

the 

• Conditions 

o Satisfied 

> By: 

- The names 

of 

• The initial 

o And 

> Terminal: 

- States 

in 

• The 

o Pairs: 

K, M) 

• And 



and \g/ 2 \ = 



and (g/ 3 , 3/4). 



68 



o So: 

> Isomorphism 

of 

• Those 

o Two: 

> Graphs 

does 

• Not 

o Follow 

> In: 

- This case. 

Case two. Randomly 

• Assign: 

a Jabel and a dkection 

to 

• The 

o Edges 

> In: 

- Each 

of 

• Those 

o Two: 

> Graphs, 

such that, 
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• The 

o Label 

> Used: 

- Will 

always 

• Be 

o From: 

S = { <7i, <7 2 }• 

• The 

o Graphs 

> So: 

- Obtained 

are 

• Shown 

o In: 

> Figure 10. 

Figure 10: G a and G b after directions and labels are given. 

G a G b 



Then we see that, 

o Two 

> Trim: 
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- Automata 



can 

• Be 

o Generated 

> From 

- Both: 

G a 

• Trim 

o Automata 

> Generated 

- From: 

are 

• Shown 

o In: 

> Figure 1 1 , 

• And 

o That 

> From: 

are 

• Shown 

o In: 

> Figure 12. 



and G b . 



G a 
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Figure 11: Automata generated from G a . 



Qi ° x <l2 Q2 °" 2 <?3 



Figure 12: Automata generated from G b . 



ai <?5 ?5 °" 2 <?e 



Then 

o We see that: 

Wi\ = 

And 

o So 

> Map: 

And: 

^2 

And 

o Consider 

> The 

- Pairs: 



and 



to: 



to: 



1, ^2) and (jzf£, 
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• Then 

o We see that, 

> The: 

- Names 

of 

• The 

o Terminal: 

> States 

of 

• Both 

o Automata 

> In: 

are 

• The 

o Same. 

> And so 

- Is in: 



• And 



o Also 

> The: 

- Names 



K 3 , ^4). 



of 
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The 

o Initial: 
> States 



Both 

o Automata 

> In: 

(M, M) 

Different, 

o And so 

> Is 

- In: 

(M, M). 

Then 
o Since: 

|M| = I Ml 

And 

o Since 

> There: 

- Is 

Mapping 
o Between 
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> The conditions: 

- Satisfied 

the 

• Names of 

o Initial 

> And terminal: 

- States 

in 

• The 

o Pairs: 

Ki, sty and (jzf 3 , £/ 4 ), 

we see that, 

• Isomorphism of 

o Those 

> Two: 

- Graphs 

follows 

• In 

o This: 

> Case. 
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2.3 Assumptions, notations and definitions 

For 

• The 

o Time 

> Being, 
- We use: 



to 

• Denote 



o Integer 

> Multiplication. 

- Let: 

S = {10, 25 }. 

And 
o Let: 

m = 10 th prime-number * 25 th prime-number. 

Then 

o We see that, 

> If 



we 

• Know 

o That: 



m 
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was 

• Constructed 

o From: 

which 

• Contains 

o Only: 

using 

• The 

o Above: 

> Method, 

then 

• We 

o Can 

> Re-construct: 

back 

• From: 



And 

o So 

> In: 



"a set" 



'integers' 



S 



m. 
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- General, 

we see that, 

• An 

o Unique: 

> Integer 

can 

• Be 

o Constructed 

> For 

- Any: 

• And 

o Also 

> If: 



- We 

are 

• Given: 

• And 

o The 

> Method: 

- Used 

to 

• Construct 



'finite-object" 



"an integer," 
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o It, 

> Then: 

- We 

can 

• Re-construct 

o The 

> Original: 

back 

• From 

o That: 

• We call 

o That 

> Unique 

- Integer: 

of 

• That: 

• And so 

o In 

> The above 

- Example: 



"finite-object" 



"integer.'" 



"the Godel-number" 



"object." 
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m 

Is: 

"tlie Godd-number" 

Of: 

S. 

Also 

o Since: 

> We 

Free 

o To: 

> Choose 

Algorithm 

o To 

> Construct: 

"Godel-numbers" 

The 

o Sake 

> Of: 

- Simplicity, 
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• Avoid 

o Complicated 

> Arguments: 

- Like 

whether 

• The 

o Function 

> Is: 

- Inversable, 

• And 

o So: 

> On. 

• And 

o So 

> We: 

- Choose 

an 

• Algorithm 

o That 

> Is: 

- Invertible. 

• And so 

o When 

> We 

- Say: 

81 



"a Godd-number" 

we 

• Mean 

o That, 

> The: 

- Algorithm 

to 

• Construct 

o It 

> Is: 

- Given, 

• And 

o Also: 

> Invertible. 

• Also 

o We 

> Assume: 

- That, 

all 

• Graphs 

o Are: 

> Connected, 

• And 

o Does 

> Not 
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- Have any: 

multi-edge or self-loop, 

And 

o The 

> Number of: 

- Vertices 



Them 

o Is 



> Not 

- More than: 



u. 



Also: 



Defined 

o To 

> Be 

- The set: 

{ «i, v 2 , v u }. 

And 

o We 

> Assume: 

- That, 
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the 

• Set 

o Of: 

> Vertices 

in 

• All 

o Graphs 

> Whether: 

directed or undirected or 

is 

• A subset 

o Of: 

S v . 

• Also: 

Sg 

is 

• Defined 

o To 

> Be: 

- The set 

of 

• All 

o Graphs 

> With: 



labeled or unlabeled 
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u — 1 vertices or u vertices. 

• We 

o Had 

> Assumed: 

- That, 

the 

• Set 

o Of 

> All: 

- Vertices 

in 

• A graph 

o Is 

> A subset 

- Of: 

S v . 

• And 

o So: 

Sg 

will 

• Be 

o A finite 

> Set. 

• Also 
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o We 

> Assume 
- That: 



G, 



G a and 



are 



Arbitrary 

o Graphs. 
> Also: 



is 



Defined 

o To: 
> Be 



Set 



o Of: 



Or: 



"w alphabets." 



can 



Be 



o Written 

> As: 
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{ CTl, &2, 

Also: 



a S-Graph 



is 

• Defined 

o To: 

> Be 

a 

• Directed 

o And 

> Labeled: 

- Graph, 

such that, 

• All 

o Edges 

> In: 

- It 

is 

• Labeled 

o Using 

> An 

- Element of: 



• And 
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o No 

> Two edges: 

- In it 

have 

• The 

o Same: 

> Label. 

• We 

o Had 

> Assumed: 

- That, 

the 

• Number 

o Of: 

> Edges 

in 

• All graphs 

o Is 

> Not 

- More than: 

• And 

o The 

> Cardinality 

- Of: 



E 



• Is: 



w. 



• And so 

o It 

> Is: 

- Possible 

to 

• Label 

o All 

> Edges: 

- Of 

a 

• Graphs 

o With 

> An arbitrary 

- Element of: 



such that, 

• No 

o Two: 

> Edges 

will 

• Have 
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o The 

> Same: 

- Label. 

• And 

o So 

> We see that: 

- From 

a 

• Graph, 

o Many: 

can 

• Be 

o Constructed. 

> But: 

- There 

will 

• Be 

o A finite 

> Limit: 

- To 

the 

• Number 

o Of 

> All: 



S-Graphs 
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S-Graphs 



Can be 

o Constructed 

> From: 

- A graph. 

And 

o So: 

Defined 

o To 

> Be 

- The set: 

G d : G d is a S-GRAPH such that G is its underlying graph }. 
And: 

Defined 

o To 

> Be: 

U Sz(G). 

Ges G 

And so 
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o For 

> Graphs, 

- Say: 

G 1 , G 2 e 

the 

• Sets: 

and 

can 

• Be 

o Considered: 

> As 

two 

• Partitions 

o Of: 



• And 



o So 

> Given 

- A graph: 



the 

• Function: 



G, 



T 
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Used 



o To 

> Choose 

- A specific: 

E-Graph 

From: 

5 S (G). 

Note that, 
o Since: 

"Godel-numbers" 



Unique, 

o We 

> Can: 

- Use them 



Choose 

o A particular: 

S-Graph 

From: 

5 S (C). 

And 
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o So 



> Formally, 
- Let: 

T : Sg x N -> 

And 
o Let: 

G d 



An 

o Element 
> Of: 

Such that: 

m 



Its: 

"Godel-numberr 

Then: 

T(G, m) = G 0 

And 

o Undefined 
> There: 
- Is 
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no 

• Such 



o Element 
> In: 



m. 



with 

• The 

o Godel-number: 

• Also: 

Sq 

is 

• Defined 

o To 

> Be 

- The set: 

{ Qi, 52, Qu }■ 

Assumption 1. For 

• Any 

o Automaton, 

> We: 

- Assume 

that, 



95 



The 

o Set 



> Of: 
- All 



its 

• States 

o Is 



> A subset 
- Of: 



• And 

o So 

> From: 

- Assumption 1 

we see that, 

• We 

o Do not 

> Consider: 

- Automata 

with 

• More 

o Than: 



• Also: 



is 

• Defined 

o To 

> Be: 

- The set 

of 

• All 

o Finite: 

> Automata, 

such that, 

• The 

o Number 

> Of: 

- Edges 

in 

• It 

o Is not 

> More 

- Than: 



• And 

o Each 

> Of: 

- The edgi 



It 

O Is 

> Labeled: 

- With 

Element 
o Of: 

And 

o Also 

> The: 

- Number 

Edges 

o Between 

> Any: 

- Two states 

Not 

o More 

> Than: 

- One. 

Note that, 
o Since 



> We: 

- Do 

not 

• Consider 

o Automata 

> With 

- More than: 

"u states" 

• We see that: 

is 

• A finite 

o Set. 

> We 

- Assume that: 

sz/i and szf 2 

are 

• Arbitrary 

o Elements 

> Of: 

• Let: 

G d e 5 S (G), 

• And 
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o Let: 

Vi, vj G 

such that, 

• There 

o Is 

> A path 

- From: 

Vi to: 

• Then 

o Choose 

> An arbitrary: 

- Subgraph of: 

Gd, 

• Say: 

such that, 

• There 

o Is 

> At: 

- Least 

one 

• Path 

o From: 

Vi to: Vj 
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• Note that, 

o Even 

> Though: 

- A subgraph 

is 

• Chosen 

o At: 

> Random, 

that 

• Randomness 

o Can 

> Be: 

- Circumvented 

if 

• We 

o Are 

> Given: 

"a Godel-number" 

to 

• Choose 

o The: 

> Subgraph. 

• Or 

o We 
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> Can: 

- Consider 



all 

• Integers 

o As: 

• And 



l G6del-numbers" 



o Then: 

> Iterate 

the 

• Process 

o Of 

> Choosing: 

- A subgraph 

until 

• We 

o Get 

> One: 

- With 

the 

• Given: 

• Then 

o After 



'Godel-number." 
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> Choosing: 



has 

• Now 



o become 
> The 

- Automaton: 



G 



di 



rename 

• The 

o Vertices, 

> Such that: 

Vi becomes: qi, Vj qj, v r q r , 

• And 

o From 

> Then: 

- Onwards, 

call 

• Them 

o States. 

> And 

- So: 



G 



di 



'1, 



• With: 
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ft 



and 



The 

o Only: 

initial-state 

Let: 

The 

o Function: 

Used 

o To: 

> Emulate 

Above 

o Process. 

> Or: 

S(T(G 

If: 



and 
respectively. 



m), Vi, vj, k) 



"the Godel-number" 
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• Of: 



is 

• Equal 

o To: 

k, 

• And 

o Undefined: 

> For 

all 

• Other 

o Cases. 

> And: 

- So 

we see that, 

• If 

o There 

> Are 

- Paths: 

Pi, P2, and p 3 

• From: 

Vi to: Vj 

• In: 
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then 
• For 



o A particular 

> Value 
- Of: 



• Only: 

Pi, and 

will 

• Be 

o Present 
> In: 



And 



G 



d x - 



o For 

> Another 
- Value of: 



the 

• Paths: 

Pi, Pi, 

will 
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• Be 

o Present 
> In: 

Gdi- 

• And 

o So: 



can 

• Be 



o Used 

> To: 

- Generate 



all 

• Possible 
o Trim 



> Automata 
- From: 



"a S-Graph." 



• Formally, 

o Let: 

E : S s x S v x S v x N ->■ S* 

• And 

o Let: 



107 



T(G, m) 

And: 



• Such that: 

are 

• Two 



o Distinct 

> Vertices 
- Of: 



• And 



o Also 

> That: 
- There 



is 

• At least 



o One 

> Path 

- From: 



G dl c 



and 



Gdi, 



to: 



• In: 

g di- 



ms 



Let: 

six 

An 

o Automaton, 

> Such that: 

= { }, 

And: 

And 

o Only 

> If: 

^ e V(G dl ), 

And: 

And 

o Only 

> If: 

(v a , v b , a h ) E E(G dl ). 
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And 

o Also 
> Let: 

teun(M) = ^ ■ 

Then: 

S(T(G, m), Uj, fc) = 

If: 

"the Godd-number" 

Of: 



Equal 

o To: 



And 



o Undefined: 
> For 



Other 



o Cases. 
> The 

- Function: 
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is 

• Used 

o To: 

> Generate 

the 

• Set 

o Of 

> All: 

- Trim automata 

that 

• Can 

o Possibly 

> Be generated 

- From: 

G d = T(G, m) 

• Using: 

• Formally, 

o Let: 

r : -> p(s». 

• And 

o Let: 

Gd 
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be 

• An 



o Element 
> Of: 



• Then: 

r(G d ) = { S* : si = E(G d , Vi , Vj, k) }, 



• Where: 

• And: 

• Also: 

is 

• A set 



o Of: 

> Sets. 



And 



Vi, vj e V(G d ), 



k G N. 



o An 

> Element 
- Of: 



G* 



is 
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• A set 

o Constructed: 

> From 

an 

• Element 

o Of: 

Se(G) 

• Using: 

r. 

• Formally: 

G* { C = T{G d ) : for all G d e 5 S (G) }, 

• And: 

S" G = U G\ 

Ges G 

• We 

o Assume 

> That: 

C 



is 

• An 



o Arbitrary 
> Element 
- Of: 



G* 
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• And: 



C a 



is 

• An 



o Arbitrary 
> Element 
- Of: 



• And: 

is 

• An 



o Arbitrary 

> Element 
- Of: 



C h 



• Let: 

srf\ and 

be 

• Two automata 

o With 

> Exactly 
- One: 
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initial-state and terminal-state. 

• Then 

o We 

> Write: 

J(M) = 1(^2), 

if 

• The 

o Names: 

> Of 

the 

• Initial 

o States 

> Of: 

are 

• The 

o Same. 

> And 

- We write: 

if 

• The 

o Names: 

> Of 



and 
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Initial 

o States 
> Of: 

.c/i and 



Different. 

o And 

> Similarly, 

- For: 

TK) = T(4), 

J(M) = 

JK) ^ T(4). 

And so 

o For 

> Two automata, 

- Say: 

e C a , 



Possible 

o Cases 
> Are, 

- Case I: 



116 



Case 2: 



Case 3: 



Case 4: 



Case 5: 



Case 6: 



And 

o So 



I 



7 



= 1(^2 

= t(4; 

^ /K 2 ) 

= 
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> The: 

- Above 

six 

• Cases 

o Can 

> Be: 

- Defined 

between 

• All 

o Pair 

> Of 

- Automata in: 

C a and 

• We 

o Say: 

C a c Cb, 

if 

• For 

o All 

> Automata 

- In: 

C a 

there 

• Is 
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o An 

> Automaton 

- In: 

C b 

with 

• The 

o Same: 

> Behavior, 

• And 

o The above 

> Mentioned: 

- Six properties 

can 

• Be mapped 

o From 

> All pairs 

- In: 

C a 

to 

• A pair 

o In: 

C b . 

• Then 

o When: 
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C a c C b 



and 



C a c C b , 



we 

• Say: 

C a = C b . 

• The 

o Isomorphism: 

> Algorithm 

can 

• Be 

o Stated 

> As: 

C a = C b implies: G a = G b . 

• The 

o Next 

> Definition 

- Of: 

'r ' 

defines 

• The 

o First: 

> Of 

the 

• Above 
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'c ' 



3(3 X 



C a c a Cft 



o Six: 

> Mappings. 

Definition 1. Let: 
be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 

for 

• All: 

7«J = 7« 2 ), 

implies 

• That 
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o There 

> Exists: 



Such that: 



Ka 2 | = Kfc 2 |, 

/«) = /«), 

T«) ^ T«). 



Also 



o We 

> Can 

- Define: 

-65 C c , C e 



The 

o Other 

> Five: 

- Mappings. 

But 

o Since: 

> They 



Very 
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o Similar: 

> They 

are 

• Given 

o In 

> The: 

- Appendix. 

• Let: 

be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 

for 

• All: 



Sg x Sg- 



C a c Cb 
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there 

• Exists: 

• Such that: 

• And: 



• And 

o We 

> Say: 



If: 



C„ c Ch 



Also: 



| Ml = |M|, 

C a c a Ct, 

C a Cfe C 6 , 

C a c c Cft, 

C a Cd Cft, 

C a c e Cft, 

C a C/ Cb- 

C a = Cb 
and 
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is 

• Defined 

o To: 

> Be 

the 

• Underlying 

o Graph 

> Of: 

• We 

o Had 

> Assumed: 

- That, 

the 

• Set 

o Of: 

> States 

in 

• All 

o Automaton: 

> Is 

a 

• Subset 

o Of: 
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• And 

o The 

> Set: 

- Of vertices 

of 

• All 

o Graphs: 

> Is 

a 

• Subset 

o Of: 

• And so 



o We see that, 
> Even: 

- Though, 



the 

• States 

o Of: 

are 

• Named: 
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Qi, 52. 

the 

• The 

o Vertices 

> Of: 

will 

• Be 

o Named: 

Vl, v 2 , 

• We 

o Will 

> Soon: 

- Prove 

that, 

• All 

o Automata 

> In: 

C a 

are 

• Minimal. 

o And so 

> If: 

- We 
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can 

• Combine 



o All 

> Automata 
- In: 



into 

• A single 

o Minimal 

> Automaton, 



- Say: 



And 



o Similarly, 

> All 

- Automata in: 



into 

• A single 

o Minimal 

> Automaton, 
- Say: 

• And 



C a 
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o If: 
G a = K, 
then 

• From 



o Lemma 1 

> We see that: 



G a = 



• And 



o So 

> To: 

- Prove that, 

the 

• Isomorphism 

o Algorithm 

> Indeed: 

- Works, 

we 

• First 

o Combine 

> All 

- Automata in: 



into 

• A single 



C a 
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o Automata, 
> Say: 



such that, 

• Its 

o Underlying: 

> Graph 

will 

• Be 

o Isomorphic 

> To: 

G a . 

• But 

o We see that: 

C a 

will 

• Contain 

o All 

> Possible: 

- Automata 

that 

• Can 

o Be 

> Generated: 
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- From 

an 

• Element 

o Of: 

• Or 

o There: 

> Maybe 

two 

• Automata, 

o Say: 

• Such that: 

was 

• Generated 

o From: 

• And: 



From: 



SdGa) 



G 



2> 



131 



• And: 

d c G 2 c G a . 

• And 

o So: 

V{G 1 ) C \/(G 2 ) 

• And: 

Eid) c £(G 2 ). 

• And 

o So 

> When: 

- Such 

a 

• Condition 

o Occurs, 

> We see that: 

2(4) c 

• And 

o Also: 

since 

• Edge 

o Labels 

> Are: 
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- Unique. 

• But 

o Since 

> We: 

- Are 

only 

• Interested 

o In 

> Getting: 

- An automaton 

whose 

• Underlying 

o Graph 

> Is isomorphic 

- To: 



we see that, 
• When we 

o Combine 

> All 

- Automata in: 



then 
• We 

o Do 



> Not: 

- Have 

to 

• Consider 

o Automata, 

> Like: 

• The 

o Relation: 

M 

is 

• Used 

o To: 

> Define 

the 

• Above 

o Condition, 

> And 

- The function: 

a 

is 

• Used to 

o Remove 

> Automata, 
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- Like: 



Definition 2. Let: 
be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only 

> If: 

• Also 

o From 

> Definition 2, 



from: C a . 



1 



- We see that: 

C 



can 
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• Be 

o Considered 

> As: 



with 

• Respect 

o To: 

• The 

o Function: 

returns 

• All 

o Maximal: 

> Elements 

of 

• All 

o Chains: 

> In 

the 

• Partially 

o Ordered 

> Set: 



"a partially-ordered-set" 



a 
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c. 



• Formally, 

o Let: 

• And 

o Let: 



be 

• An 



a : S% ->• P(S». 



o Element 
> Of: 



• And 

o Let: 

be 

• The 

o Set: 

> Of 

all 

• Maximal 

o Elements: 

> Of 



c 



a 
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all 



• Chains 



o In 



> The partially 
- Ordered set: 



C 



with 

• Respect 
o To: 



• Then: 

a{C) = 

• Let: 

G 1 

be 

• A biconnected 

o Subgraph 
> Of: 



G. 



We 



o Say 

> That: 
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IS 

• A maximal 

o Biconnected 

> Subgraph 

- Of: 

if 

• And 

o Only 

> If 

- In: 

there 

• Is no 

o Biconnected 

> Supergraph 

- Of: 

• Note that, 



o Since 

> The set 

- Returned by: 



G, 



G, 



G 1 . 



a(C) 



contains 
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• Only 

o Maximal: 

> Elements 

of 

• All 

o Chains 

> In: 

we see that, 

• The 

o Underlying: 

> Graphs 

of 

• All 

o Elements 

> In: 

will 

• Be maximal 

o Biconnected 

> Subgraphs 

- Of: 

• The 



C, 



a(C) 



G. 
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o Operator: 

tbl 

is 

• Used 

o To: 

> Combine 

all 

• Automata 

o In: 

C 

into 

• A single 

o Automata 

> After 

- Invoking: 

a. 

• Formally: 

M W St/ 2 

is 

• Defined 

o To 

> Be: 

st = (Q, J, T, Z), 
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• Where: 

Q = QK) U QK), 

/ = /K) u /<y 2 ), 

T = T(4) U T(4), 
Z = U Z(s/ 2 ). 

• Let: 

C a = { ^2, ... }• 

• Then 

o Since: 

r 

generates 

• All 

o Possible: 

> Automata 

from 

• The 

o Given: 

S-Graph, 

we see that, 

• All 

o Elements 

> Of: 
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Q, 



• Or almost 



o All 

> Elements 
- Of: 



• And 



Q 



will 

• Be: 

an initial-state and a terminal-state 

of 

• Some 

o Automata 
> In: 



o So 
> If: 

Q = QKi) U Q(&/ 2 ) U 

• And 

o If: 

s/ a = six i±i a? 2 tb 

then 

• All 
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o States 
> Of: 



• Or almost 

o All 

> States 

- Of: 

will 

• Be: 

an initial-state and a terminal-state 

• Of: 

• And so 

o If 

> We 

- Use: 

to 

• Combine 

o All 

> Automata 

- In: 

C a 
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before 

• Applying: 



a, 



then 

• The 



o Resulting: 

> Automaton 

will 

• Not 

o Be: 

> Minimal. 

• And 

o So 

> Let: 

a(C a ) = { */ 2 , 

• And 

o Let: 

• Then 

o We see that, 

> For 

- All: 



e a(C a ) 
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the 

• Underlying 

o Graphs 

> Of: 

will 

• Be 

o A maximal 

> Biconnected 

- Subgraph of: 

• And so 

o When 

> We 

- Construct: 

from 

• The 

o Elements 

> Of: 

• Using: 



G a . 



a{C a ) 
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• We see that: 

will 

• Have 

o States: 

> Which 

are 

• Neither: 

o Initial 

> Nor 

- Terminal. 

• And 

o So 

> By: 

- That, 

we 

• Take 

o The 

> First: 

- Step 

to 

• Construct 

o A minimal: 

> Automata. 

• And 
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o So 

> Assume 
- That: 



is 

• Minimal. 



o And 

> Also 
- That: 



is 

• Isomorphic 
o To: 



• Then 



o After 

> We: 

- Combining 



the 

• Elements 

o Of: 

• Using: 



G a . 



C a 
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we see that, 

• There 

o May 

> Be: 

- More 

than 

• One 

o Initial 

> And terminal: 

- State 

in 

• The 

o Resulting: 

> Automaton. 

• And 

o So 

> Let: 

q ai and q a2 

be 

• Two 

o Initial 

> States 

- Of: 



st a . 
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Also 

o Assume 
> That: 



q ai and 

belongs 



• To: 

• Then 

o If: 

is 

• Removed 

o From: 

• We see that: 

will 

• Still 

o Remain 

> Minimal, 
- And: 

will 



'a cycle." 



Qa 2 
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Still 

o Be 

> Isomorphic 
- To: 



• And 

o Only: 

will 

• Change. 

o But 

> The 



- Change in: 



does 

• Not 

o Concern: 

> Us, 

since 

• We 

o Are 

> Not: 

- Interested 

in 
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• Any 

o Particular: 

> Behavior, 

• And 

o We 

> Only 

- Want: 

• And 

o So 



> We: 

- Remove 



some 

• States 

o From: 

so that, 

• No 



o Two 

> Elements 
- Of: 



will 

• Belong 



/a = G a . 



/«), 
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o To: 



"a cycle: 

We 

o Will 

> Later: 

- Explain 



We 

o Do: 

> This. 

Let: 



The 

o Automaton: 

> Obtained 

Combining 

o All 

> Automata 

- In: 

a(C b ) 

Using: 

tbl. 



153 



• And 

o Let: 



• Then 

o From 

> Lemma 1, 



- We see that: 



• And 



o So 
> If: 



are 

• Two 



4 = 



q ai and 



o Initial 
> States 
- Of: 



• And 

o If: 

5oi and 

belongs 

• To: 
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then 

• There 



o Will: 
> Be 



two 

• Initial 



o States, 
> Say: 

Qbi, 

In: 



such that, 

• There 

o Will: 

> Be 

a 

• Mapping 

o Between: 

• And 

o Also 

> Between: 



q a2 and q b2 



• And 

o Also: 

will 

• Belong 

o To: 

• And so 

o If 

> We 



qin and q b2 



then 

• Also: 

• But 

o If 



> We 

- Remove: 



a cycle." 



- Remove: 

q a2 from: 

q b2 from: I(^b), 



q a2 from: 

q bl from: I(j*b), 
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• Then: 

Kl ^ HI 

• Therefore 

o Since 

> We: 

- Use 

the 

• Algorithm 

o To 

> Check: 

- Whether 

two 

• Automata 

o Have 

> The: 

- Same behavior, 

we see that, 

• When 

o We: 

> Remove 

some 

• States 

o From: 

/«) and I{s/ h ), 
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we 

• Must 

o Ensure: 

> That, 

the 

• Resulting 

o Behaviors 

> Of: 

- Those 

two 

• Automata 

o Are 

> Still: 

- The same. 

• Then 

o Since 

> The: 

- Labels 

on 

• All 

o Edges 

> Of: 



are 

• Unique, 
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o We see that, 

> The: 
- Set 



Labels 

o Used: 

> In 

Out 

o Going 

> Edges: 

- Of 

State 

o Can 

> Be: 

- Used 

Construct: 

"a Godel-number" 

For: 

"a state." 

And 
o Also 
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> Since: 

Kl = K|, 

• We see that: 

"the Godel-numbers" 

for 

• Each of 

o The 

> Corresponding 

- States in: 

srf a and g/ b 

will 

• Be 

o The: 

> Same. 

• And so 

o If 

> We 

- Assign: 

"a Godel-number" 

for 

• Each 

o Initial: 

> States 
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• Those 

o Two: 

> Automata, 

then 

• We 

o Can 

> Use: 

- It 

to 

• Remove 

o Elements 

> From: 

I{srf a ) and 

such that, 

• The 

o Resulting: 

> Automata 

will 

• Still 

o Have 

> The: 

- Same behavior. 

• The 

o Function: 
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returns 

• The set 

o Of 

> All: 

- Alphabets 

on 

• The 

o Out going 

> Of: 

"a state," 

so that, 

• We 

o Can 

> Use: 

- It 

to 

• Assign: 

"a Godel-number" 

to 

• All 

o States 

> In: 

/«)• 
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• The 

o Function: 



S 

is 

• Used 

o To 

> Choose: 

"a state" 

• From: 

"a cycle" 

of 

• Initial 

o States, 

> Such that: 

"the Godel-number" 

of 

• The 

o Chosen 

> State: 

- Will 

be 

• Minimal 

o Among 
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> All: 



in 

• That: 



• Assume 

o That: 

Qai, 

are 

• Three 

o Elements 
> Of: 



• Also 

o Assume 
> That: 

belongs 

• To: 



• And 

o Also 



"states 



"cycle. 



1a 2 



and 



"a cych 
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> That: 

- There 

is 

• No 

o Path 

> From: 

q ai to: q a3 . 

• Then 

o If 

> We 

- Remove: 

q a3 from: /(X), 

we see that, 

• Some 

o States: 

> Cannot 

be 

• Reached 

o From: 

9oi- 

• And 

o So: 
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will 

• Cease 

o To 

> Be: 

- Trim. 

• And 

o So: 

> When 

we 

• Remove 

o Some 

> Elements 

- From: 

/«), 

we 

• Partition: 

/(O 

in 

• Such 

o A way 

> That: 

two 

• Elements 

o Of: 
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will 



Belong to 

o The 

> Same: 



- Partition, 



if 



And 



o Only: 
> If 



they 



• Belong 
o To: 



And 



o So 



> From: 



if 



We 



o Remove 
> All: 



"a cycler 



'a partition" 



"states," 
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except 

• For 

o One, 

> Then: 

- The automaton 

will 

• Still 

o Remain: 

> Minimal. 

• And so 

o Except 

> For: 

- One, 

we 

• Remove 

o All 

> States 

- From: 

"a partition." 

• Formally, 

o Let: 

P : ^ X Sg 

• Then: 
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IS 

• Defined 

o To 

> Be: 

"the Godel-number" 

• Of: 

{ a : (ft, a, qj) G Z{si) for all G Q{&t) }. 

• Also 

o Let: 

S : x S Q ->■ So. 



• And 

o Let: 

• And 

o Let: 

be 

• The 

o Set: 
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{ qj : there is a path from q { to qj 

and 

a path from qj to qi in srf 

and 

qj G I{sf) }. 

• And 

o Let: 

be 

• The 

o Minimal 
> Value 
- In: 

{ n qj : n qj = qj) and qj E (S qt U { q t }) }. 

• And 

o Let: 

Qk e (S qi U { q { }), 

be 

• Such that: 

Qk) = n qk . 

• Then: 

8(s/, qi) = q k , 
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• If: 

• And 

o Undefined: 

> For 

all 

• Other 

o Cases. 

> And 



q^ e /CO, 



- Similarly: 

7 and 



are 

• Used 



o To: 

> Choose 



a 

• Particular 



o Terminal 
> State 
- From: 



of 

• Some 

o Terminal: 



'a cycle" 
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> States. 
Formally, 
o Let: 



7 : x S Q ->■ N. 

Then: 

Qi) 

Defined 

o To 

> Be: 

"the Godel-number" 

Of: 

: a, G Z(^) foralJ qj G Q(j^) }. 

Let: 

C : x Sq — > Sq. 

And 
o Let: 

qt e T(j*), 

And 
o Let: 
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• The 

o Set: 

{ qj : there is a path from q t to qj 

and 

a path from qj to q t in g/ 
and 

q 3 e TK) }. 

• And 

o Let: 

be 

• The 

o Maximal 

> Value 
- In: 

{ n qj : n qj = 7^, qj) and qj E (S gt U { q t }) }. 

• And 

o Let: 

Qk e (S qt U { q t }), 

be 

• Such that: 

7(<< Qk) = n qk . 
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Then: 



CK, ft) 



• If: 



And 



qt e T 



o Undefined: 

t> For 

all 

• Other 

o Cases. 

> But: 

- It 

maybe 

• That 

o After 

> Applying: 

(5 and 

an 

• Initial 

o State 

> Can: 

- Still 

be 

• Reached 
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o From 

> Another: 

- Initial-state. 

• Then 

o Since 

> We: 

- Are 

not 

• Interested 

o In 

> Any: 

- Particular behavior, 

we see that, 

• If 

o An 

> Initial: 

- State 

can 

• Be reached 

o From 

> Another: 

- Initial-state, 

then 

• It 

o Can 

> Be: 
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- Removed 

from 

• The 

o Set 

> Of: 

- Initial-states. 

• And 

o So 

> After 

- Applying: 

(5 and 5, 

the 

• Function: 

V 

is 

• Used to 

o Isolate 

> Initial: 

- States 

that 

• Cannot 

o Be: 

> Reached 

from 
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Other 

o Initial: 

> States. 

We 

o Will 

> Later: 

- Explain 

We 

o Do: 

> This. 

Formally, 
o Let: 



r) : -> P(S Q ). 



Then: 



Defined 



o To 



> Be: 



{ 



qi e I {fit) 



there is no 



from any other 



element of 



to 
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• Also 

o Similarly: 

e 

is 

• Used to 

o Isolate 

> Terminal: 

- States, 

such that, 

• Those 

o Isolated 

> Terminal: 

- States 

cannot 

• Be reached 

o From 

> Other: 

- Terminal- states. 

• Formally, 

o Let: 

6 : S* -> P(S Q ). 

• Then: 

is 
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• Defined 

o To 

> Be: 

{ ft £ T{gf) : there is no path 
from q t to any other 
element of T(*/) }. 

Figure 13: Automata srf with 

= { qu g 2 , g 3? q 4 }, T(srf) = { q 2 , q 3 , q 4 , q 5 } 

q\ ai Z ° 2 93 a3 94 * 4 95 

• For 

o The 

> Automaton: 

si 

in 

• Figure 13: 

77(0 = { 9l } and 0«) = { 95 }• 

• The 

o Function: 
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is 

• The 

o Place 

> Where: 

5, (, rj and 6 

are 

• Used to 

o Remove 

> Some: 

- States 

from 

• The 

o Set 

> Of: 

initial-states and terminal-states. 

• The 

o Function: 

K 

initially 

• Uses: 

5 and ( 

to 

• Construct 
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o The 

> Automaton: 

• And 

o Then 

> Use: 

r] and 9 

to 

• Remove 

o Some: 

> States 

from 

• The 

o Set 

> Of: 

initial-states and terminal-states 

• In: 

so as 

• To 

o Construct: 

s/. 

• Formally, 
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o Let: 



K 

• And 

o Let: 

• And 

o Let: 

h = { qi2 
T 2 = { q t 2 

• And 

o Let: 

si 

• Then: 

• Let: 

be 

• An 

o Element 
> Of: 



<S(j*i, ft) : for all % e /(M) }, 

CK, g t ) : foraJJ % e T^) }. 

(QK), J 2 , T 2 , ZK)), 

((3(4), 77(^2), 0(^2), ^K 2 ))- 
c 



182 



• The 

o Function: 

0 

is 

• Used to 

o Combine 

> All 

- Automata in: 

C 

into 

• A single 

o Minimal: 

> Automaton. 

• For 

o That, 

> It 

will 

• First 

o Use: 

a and l±l 

to 

• Combine 

o All 



183 



> Automata 

- In: 

C. 

• And 

o Then 

> Use: 

K 

to 

• Get 

o The final 

> Minimal: 

- Automaton. 

• Formally, 

o Let: 

6 : P(S^) -> S*. 

• And 

o Let: 

a(C) = { &*2, < }, 

• Then: 

0(C) = «;(«. 
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2.4 Proving the algorithm 

Let: 

S(T(G, m), «i, Uj, fc) 

• And 

o Let: 

be 

• An 

o Automaton 

> Obtained: 

- By removing 

an 

• Arbitrary 

o Edge, 

> Say: 

• From: 



(Qa, cr, Qb) 



Z{sf). 



Then 

o Since: 



is 

• Used 
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o Only: 
> In 



one 

• Edge 

o Of: 

• And 

o Since: 

is 

• Trim, 

o We see that, 

> There: 

- Will exist 

a 

• String: 

S, 

such that, 

• It 

o Will 

> Contain 

- The alphabet: 

cr, 
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• And: 

S e \s/\ and S £ 

• And 

o So: 

a/ 

will 

• Be minimal. 

o Note that, 

> The resulting 

- Automaton of: 



H(T(G, m), Vi, Vj, k) 



is 

• Forcefully 

o Made: 

> Minimal, 

so that, 

• It 

o Will 

> Be: 

- Possible 

to 

• Get 

o The 

> Original: 
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- Subgraph 

from 

• Which 

o The 

> Automaton: 

- Was generated. 

Lemma 2. Let: 

E(T(G, m), v h vj, k) = srf . 

• Then: 



• Is: 

Notation 1. When 

• We 

o Say: 



"minimal: 



"There is a mapping between 
the boundary conditions 
among all 



automata in: C a and C b ," 



we 

• Mean: 
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Assume: 

Also 

o Assume 
> That: 



C a c a Cb 
C a Cb C b 
C a c c Cb 

C a Cd Cb 

C a c e Cb 
C a Cf C b 

and 
vice-versa. 

C a = Cb. 



C a 



and 



Constructed 

o From 
> The 

- S-Graphs: 

G' 



Let: 



and 
respectively. 



189 



such that, 
• It 



o Is 



> A maximal: 
- Element 



in 



The 



o Partially 

> Ordered 
- Set: 



Also 

o Since: 



Let: 



c a = 



be 



An 



o Element 
> Of: 



• Such that: 



190 



n\ — |**3| 
• Also 

o From 

> This, 

- We see that: 



SW) = SCO- (i) 



• Let: 

be 

• An 

o Element 
> Of: 

• Such that: 



Cb, 



E(^ 3 ) C E(4). 



• Then 



o Since 

> No two: 

- Edges in: 



G' a , 



have 
• The 

o Same: 
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> Label, 

• And 

o Since: 



C a — Cb, 



we see that, 

• There 

o Will: 

> Exist 

an 

• Automaton, 

o Say: 

• In: 

• Such that: 

which 

• Inturn 

o Will: 

> Contradict 

the 

• Fact 

o That: 



C a , 



SW) c E(4), 
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is 

• A maximal 

o Element 

> And: 

- So 

we see that, 

• There 

o Will 

> Not: 

- Exist 

an 

• Automaton, 

o Say: 

• Such that: 

S(^ 3 ) c E(4). 

• And 

o So: 

^3 

will 

• Also 

o Be 
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> A maximal: 
- Element 



in 

• The 



o Partially 

> Ordered 
- Set: 



• Let: 

be 

• An 



o Element 
> Of: 



• Such that: 

• Then 

o Since: 

we see that, 

• There 

o Will: 



C a , 



C a 
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> Exist 



Automaton, 
o Say: 

Such that: 

Then 

o From: 

> Statements 1 and 2, 

And 

o Since: 

C b 

Constructed 
o From: 

"a S-Graph," 

We see that: 

*fi J*3- 

And 

o So 

> From: 

- Statements 1, 2, 3 and 4, 
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we see that, 

• After 

o Performing: 

a(C a ) and 

the 

• Automata: 



and 



will 

• Be 

o Removed 

> From: 

C a and 

respectively. 

• But: 

sf\ and 

will 

• Not 

o Be 

> Removed 

- From: 

C a and 

since 

• They 
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o Both 

> Are maximal: 
- Elements 



in 

• Their 



o Respective 

> Partially ordered: 
- Sets. 

And 

o So: 



will 

• Still 



o Hold 

> When: 



Lemma 3. Let: 



Then: 



Let: 



• And 



a(C a ) 



C a 



C a 



a(C a ) 



a{C) 



o Let: 



be 

• A maximal 

o Biconnected 

> Subgraph 

- Of: 

• Then 

o Since: 

contains 

• All 

o Possible: 

> Automata 

that 

• Can 

o Be 

> Generated: 

- From 

an 

• Element 

o Of: 



we see that, 
• There 



o May 

> Be: 

- Many automata 

Or 

o At least 

> One 

- In: 



Such that: 



is 

• The 

o Underlying 

> Graph: 

- Of 

all 

• Of 

o Them. 

> Note that, 

- If: 



is 



a 



G 1 



G d 
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• A maximal 

o Biconnected 

> Subgraph 

- Of: 

• And if 

o All 

> Vertices 

- Of: 



can 

• Be 



o Reached 

> From: 
- All 



the 

• Other 



"a S-Graph," 



G d 



o Vertices, 

> Then many: 

- Trim-automata 



could 
• Be 



o Generated 
> From: 



Gd, 
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such that, 

• Except 

o For 

> Their: 

initial-state and terminal-state, 

everything 

• Else in 

o All 

> Those: 

- Automata 

will 

• Be 

o The: 

> Same. 

• But 

o If 

> There: 

- Is 

no 

• Cycle 

o In: 

Gd, 

then 

• There 
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o Will 

> Be: 

- At least 

one 

• Vertex 

o That 

> Will: 

- Not 

have 

• An 

o Out 

> Going: 

- Edge. 

• And 

o So 

> Only: 

one 

• Trim 

o Automaton: 

> Could 

be 

• Generated 

o From: 

G d . 

• And 
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o So 

> Let: 



be 

• The 

o Elements 

> Of: 

such that, 

• The 

o Underlying: 

> Graphs 

of 

• All 

o Of 

> Them 

- Is: 

• Also 



C, 



o From 
> This, 

- We see that: 

QW) = QK) = ••■ = Q (say). 

• Let: 
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Assume 

o That, 

> There: 
- Is 



a 

• Path from 



o The 

> Terminal 
- State of: 



to 

• The 

o Initial: 

> State. 

• Then 

o In 

> The: 

- List 5, 

we see that, 

• All 

o Elements 

> Of: 



Q 
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will 

• Be 

o An 

> Initial: 

- State 

in 

• At 

o Least 

> One: 

- Automaton, 

• And 

o Also 

> A terminal 

- State 

in 

• At 

o Least 

> One: 

- Automaton 

in 

• The 

o Same: 

> List 5. 

• And so 

o All 
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> States 
- Of: 



Be 

o Both: 

initial and terminal. 

And 

o So: 



Not 

o Be: 

> Minimal. 

And so 

o We 

> Remove 

- Some: 

initial-states and terminal- states 

From: 
Using: 

5 and (, 
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so that, 
• There 



o Will 

> Be: 

- Only 



one 

• State 
o In 



> Both: 

/KgJ and T(*/ Gl ] 



Also 

o Since: 



chooses 
• An 



o Element 
> From: 



using 
• The 

o Criterion: 



1 minimum-value" 



• And: 
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from: 



using 



The 

o Criterion: 



"maximum-value" 



we see that, 
• The 



o Two 

> Sets: 



IK 



and 



will 



• Be 



o Disjoint 
> After 

- Applying: 



and 



• And 

o So 

> Let: 

• Where: 

It = { 9*2 

T r = { q t2 



(Q(^ Gl ), I r , T r , Z(*/ Gl )) 



S(^Gi, Qi) 
C(^Gi, Qt) 



for all q i E J(jzffei) }, 
for all q t G T(#/ Gl ) }. 
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Also 



o Since 

> There: 
- Is 



a 

• Cycle 

o In: 

we see that, 

• All 



o States 
> In: 



can 

• Be 

o Reached: 

> From 

the 

• Only 

o Initial: 

> State. 

• And 

o So 

> There: 
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- Will 

be 

• A path 

o From 

> The initial: 

- State. 

to 

• All 

o The 

> Other 

- States in: 

• And 

o Also 

> There: 

- Will 

be 

• A path 

o From 

> All: 

- States 

to 

• The 

o Only 

> Terminal: 
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- State in: 



• And 

o So: 

will 

• Be 

o Trim. 



> And: 
- Also 



since 
• All 



o Edges 
> In: 



have 

• Different 



o Labels, 

> From lemma 2, 
- We see that: 



will 
• Be 
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o Minimal 

> Regardless: 
- Of 



the 

• Number 

o Of 

> Elements: 

- In list 5. 

• Let: 

be 

• The 

o Result 

> Of: 

- Combing 

all 

• Automata 

o In: 

• Using: 

• Then from 

o The above 

> Argument, 



a 
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- We see that: 



will 

• Be 

o Trim. 

> Then: 

- If 

we 

• Apply: 

rj and 9 

to 

• Remove 

o Some 

> Elements 

- From: 

6{I{*')) and C(TK')) 

to 

• Get: 

fit, 

which 

• Is 

o The 

> Next 

- Step in: 
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K 

after 

• Applying: 

5 and (, 

then 

• No 

o Initial 

> State: 

- Can 

be 

• Reached 

o From 

> Another: 

- Initial-state, 

• And 

o No 

> Terminal: 

- State 

can 

• Be reached 

o From 

> Another: 

- Terminal- state, 

• And 

o Also: 
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and T(&/) 

will 

• Be 

o Disjoint. 

> And: 

- So 

by 

• That, 

o The proof 

> Of 

- Minimality of: 



become 

• Trivial. 



o And 
> So: 



will 

• Be minimal. 



©(C) 



o Note that, 
> The last 
- Step in: 



0 



• Uses: 
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K. 

Lemma 4. Let: 

0(C) = s/. 

• Then: 

• Is: 

"minimal." 

• Let: 

C a = C b , a(C a ) = C' a and a(C b ) = C' b . 

• Then 

o From 

> Lemma 3, 



- We see that: 



• Let: 

be 

• A maximal 

o Biconnected 
> Subgraph 
- Of: 

• And 



C' a = C' b . 



G a . 
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o Let 

> The 

- Elements of: 



C' a 



with 

• The 

o Underlying 
> Graph: 

• Be: 

<<!, K 2 , ••• (6) 

• Then 

o Since: 

C' a = C' b , 

we see that, 

• There 

o Exists: 

^b 2 , ••• (7) 

• In: 

C' h , 

• Such that: 

KJ = KJ, K 2 | = KJ, •••• (8) 

• Let: 
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$/ c = jrf al th) < 2 th) ... 

and 

^ = £/ hl th) jz^ th) .... 

• Then 

o Since: 

KJ = KJ 

• We see that: 

"the Gbdel-numbers" 

• Of: 

initial-states and terminal-states 

• In: 

£<u and £/ 6l 

constructed 

• Using: 

(5 and 7 

will 

• Be 

o The: 

> Same. 

• And 

o So: 

"the Godel-numbers" 
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• Of: 



initial-states and terminal-states 

of 

• All 

o Corresponding: 

> Automata 

in 

• The 

o Lists 6 and 7: 

> Will 

also 

• Be 

o The same. 

> And 

- So: 

"the Godel-numbers" 

of 

• The 

o Corresponding: 

initial-states and terminal-states 

• Of: 

£/ c and £/ d 

will 
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Also 
o Be 



> The: 

- Same. 



And 



o So 



> Use: 



and 



Remove 

o Some 

> States 

- From: 

/«) and TK), 

And let 

o The 

> Resulting 

- Automaton be: 



And 

o Similarly, 
> Let: 
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The 



o Resulting: 

> Automaton 

after 

• Removing 

o Some 

> States 

- From: 

I(ji/ d ) and 

• Then 

o Since: 

"the Godel-numbers" 

• Of: 

initial-states and terminal- states 

• Of: 

srf c and srf d 

are 

• The same, 

o And from 

> Statement 8, 

- We see that: 



• And 
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o So 



> Use: 



and 



Remove 

o Some 

> States 

- From: 

I(&Z e ) and 

And 

o Let 

> The resulting 

- Automaton be: 

And 



o Similarly, 

> Construct: 



From: 



Then 



o Since 

> There: 
- Is 



e 



TK), 
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a 

• Mapping 

o Between: 

"the boundary-conditions" 

among 

• All 

o Automata 

> In: 

C a and 

we see that, 

• For: 

q e E I(£/ e ), 

if 

• There 

o Is 

> No: 

- Path 

from 

• Any 

o Other 

> Element 

- Of: 

/K) to: 
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then 

• There 

o Will 

> Be 

- A corresponding: 

q f e I{s/ f ), 

such that, 

• There 

o Will 

> Be: 

- No path 

from 

• Any 

o Other 

> Element 

- Of: 

H*ff) to: 
and 
vice-versa. 

• And 

o So 

> From: 

- This, 

• And 
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o Since: 



• We see that: 




• And 

o So 

> From: 

- This, 

• And 

o From: 

> Lemmas 4 and 1, 

we see that, 

• The 

o Underlying 

> Graphs 

- Of: 

e(C 0 ) and 0(a) 

will 

• Be: 

o Isomorphic. 
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Lemma 5. Let: 



• Then: 



• Let: 

• Then 

o We see that, 

> A state, 

- Say: 

will 

• Be 

o An 

> Element 

- Of: 

if 

• And 

o Only: 



e(c 0 ) = k, 
e(cy = */ b . 

< = M>- 

0(C) = s/. 
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> If 

there 

• Is 

o A vertex, 

> Say: 

• And so 

o For 



> Every 

- State in: 



there 

• Will be 



o A corresponding 

> Vertex 
- In: 



• And 

o So 

> There: 
- Will 

be 

• A mapping 

o Between 



Vi G V(G). 



V(G). 
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> All states 

- In: 

si 

• And 

o All 

> Vertices 

- In: 

G. 

• Let: 

qi and qj 

be 

• Two 

o States 

> In: 

• Then 

o We see that, 

> There: 

- Will 

be 

• An 

o Edge 

> Between: 

qi and qj 
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if 

• And 

o Only: 

> If 

there 

• Is 

o An 

> Edge 

- Between: 

Vi and Vj. 

• In: 

G. 

• And 

o So: 

> For 

all 

• Edges 

o In: 

si 

there 

• Will be 

o A corresponding 

> Edge 

- In: 
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and G. 



G. 

• And 

o So 

> There: 

- Will 

be 

• A mapping 

o Between 

> All 

- Edges in: 

ai 

• And 

o So: 

= G. 

Lemma 6. Let: 

0(C) = s/. 

• Then: 

= G. 

• Also 

o From: 

> Lemmas 5 and 6: 
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Theorem 2.1. Let: 

• Then: 

• Let: 

• And 

o Let: 

• Then 

o Since: 

we see that, 

• We can 



C a — C b 



(j a = ^b 



G n ^ G 



b- 



G' a = T(G a , mi). 



^r a = L*b 



o Constructed 

> A S-Graph, 
- Say: 



G'a 



with 

• The 



o Underlying 
> Graph: 



G a , 
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And 

o Another 



> S-Graph, 
- Say: 



with 

• The 



o Underlying 
> Graph: 



Gb, 



• Such that: 

G' a and 

will 

• Be 

o Isomorphic, 

> Even: 

- When 

the 

• Directions 

o And: 

> Labeling 

are 

• Also 

o Taken 
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> Into: 

- Consideration. 



And 

o So 

> Let: 

C a 

Generated 
o From: 

And: 

C b 

From: 

G' b - 

Then 

o Obviously, 

> We see that: 

e G* a , C b e G* b 

Then 

o We see that, 

> All: 

C a e 
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• Constructed 

o From 

> Some: 

G' a = T(G a , 

for 

• Some 

o Value 

> Of: 

m. 

• And 

o So 

> For 

- All: 

C a e G* a 

there 

• Will 

o Exist: 

C b G G* b , 

• Such that: 
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Theorem 2.2. Let: 



Then 



o For 

> All- 



there 

• Will 

o Exists: 

• Swc/z that: 



G a — G b . 



C a e G*, 



C a — C& 
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3 Ulam's conjecture 
3.1 Sketch of proof 

Let: 

G and H 

be 

• Two 

o Isomorphic: 

> Graphs. 

• And 

o Let: 

C G e G*, and C H e H*. 

• We 

o Had 

> Saw 

- That: 

C G = C H implies: G H. 

• And 

o So 

> Let: 

"the Ulam's-deck" 

• Of: 

G and H 

• Be: 
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{ Gi, G 2 , G u } 

and 

{ Hi, H 2 , H u }. 

• Then 

o From 

> The new: 

- Algorithm, 

the 

• Conjecture 

o Can 

> Be 

- Stated as: 

<^Gi — Wfi, <^G 2 — ^H 2 , ■■■■> ^Gu — 

Gh u 
implies 
G H. 

• Let: 

C' G = Cg 1 U Cg 2 U ... U Cg u 
and 

C' H = Ch x U Ch 2 U ••• U Ci? M - 

• We 

o Then 

> Show 

- That: 
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C G and 

can 



Be 



o Constructed 
> From: 



C' G and 

respectively, 



• Or 



o First 

> We 

- Apply: 



On: 



until 

• No 

o More: 

> Changes 

can 

• Be 

o Made. 

> And: 

- Then 

show 



C' G and 
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• That 

o The 

> Results: 

- Of 

those 

• Two 

o Iterative 

> Applications: 

- Are equal 

if 

• And 

o Only 

> If: 



G = H. 



3.2 Definitions 

We 

• Define: 

• As: 

• Of: 

• Formally: 



D(G) 



'The Ulam's-deck" 



G. 
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D(G) 

is 

• Defined 

o To 

> Be: 

{ d : Gi = G-Vi for all Vi G V(G) }. 

• For 

o Two 

> Graphs, 

- Say: 

G and H, 

the 

• Function: 

M 

is 

• Used 

o To: 

> Define 

the 

• Mapping 

o Between: 

D(G) and D(H) 

as 



240 



• Defined 

o In 

> The: 

- Conjecture. 

• Formally: 

M(D(G), D{H)) 

is 

• Defined 

o To 

> Be: 

- True, 

if 

• And 

o Only 

> If: 

for all: d G D(G) there exists: Hj G D(H) such that: d H, 

and 

for all: Hj G D(H) there exists: d G D(G) such that: Hj = d 
is 

• True. 

o Let: 

Gi G D(G). 

• Then 
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o We see that, 
> Even: 

- Though, 



the 

• Number 



o Of 

> Vertices 
- In: 



is 

• One 



o Less 

> Than 

- That in: 



• All: 

are 

• Also 

o Constructed 
> Using: 

• Let: 



G, 



G, 



Ci e G* 
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n : P(S G ) x N ->■ P(S^) x • • • x P(S^), 

V v ' 

u times 

D{G) = { G u G 2 , G u }. 

And 
o Let: 

C\ G G\, C 2 G G 2 , • • • C« ^ ^u- 

Then: 

Q(D(G), m) = (d, C 2 , C u ), 

If: 

"tne Godd-number" 

Of: 

(Ci, c 2 , . . . , C u ) 

Equal 

o To: 

m, 

And 

o Undefined 
> For all: 

- Other cases. 

Let: 

e 1 G and e 2 G Z(jzf 2 ). 

Then: 
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ei and e 2 

are 

• Said 

o To 

> Be: 

Same-State-Name-Edges, 

if 

• And 



o Only 
> If: 

TTi(ei) = 7Ti(e 2 ) and vr 3 (ei) = 7r 3 (e 2 ) 

or 

TTi(ei) = vr 3 (e 2 ) and 7r 3 (ei) = 7Ti(e 2 ). 

Exemplifying, 
o If: 



Is: 



• And: 



Is: 



ei 



e 2 



o-, 92), 
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• Then: 

ei and e 2 

• Are: 

Same-State-Name-Edges. 

• Also 

o If: 



Is: 



• And: 



• Is: 



Then: 



ei 



e 2 



(92, o-i, 



e\ and e 2 

• Are: 

Same-State-Name-Edges. 

• But 

o If: 

ei 

• Is: 
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(Qi, Q2) 



• And: 

• Is: 

• Then: 

are 

• Not: 

• Let: 



e 2 



(91, <7l, ?s). 



ei and e 2 



Same-State-Name-Edges. 



£>(G) = { Gi, G 2 , G u }. 

• And 

o Let: 

C\ G G\, C2 G C2, ... C u G G*. 

• And 

o Let: 

C" = Ci U C 2 U ... U G u . 

• We 

o Had 

> Earlier: 
- Stated 
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We 

o Will 

> Be: 

- Constructing 



Element 
o Of: 

G* 

From: 

C. 

And 

o So 

> Let: 

And 
o Let: 

ei G and e 2 G Z(jzf 2 ). 

Also 

o Assume 

> That: 

e\ and e 2 

Are: 
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Same-State-Name-Edges. 

• Then 

o We see that, 

> If: 

ei and e 2 

have 

• Different 

o Representations, 

> Then: 

- It 

will 

• Be 

o Obvious 

> That: 

- We 

cannot 

• Construct 

o An 

> Element 

- Of: 

G* 

• From: 

C. 

• And so 
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o We 

> Say 

- That: 



if 

• And 



o Only 

> If 

- For all: 



• And 



o For 

> All: 



• If: 

• Are: 

• Then: 

will 

• Have 

o The 



h 0 &i, 



e 1 E Z(sx?i) 



e 2 e Z{sf 2 ), 



e\ and e 2 



Same-State-Name-Edges, 



e\ and e 2 
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> Same: 

- Representations. 

• Let: 

n(D(G), m) CL = (d, C 2 , C u ). 

• And 

o Let: 

C = d U C 2 U ... U C u . 

• We 

o Say 

> That: 

CL satisfies: <0> 

if 

• And 

o Only 

> If: 

for all: sf-y, srf 2 e C, st x © ^2. 

• For 

o Two 

> Graphs, 

- Say: 

G and H, 

the 

• Conjecture 
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o States: 

> That, 

if 

• There 

o Is 

> An: 

- Isomorphism 

between 

• Each of 

o The 

> Graphs 

- In: 

D(G) and D(H), 

• Then: 

G = H. 

• And 

o So: 

> We 

can 

• Assume 

o That 

> The: 

- Isomorphism 

between 
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All 

o Elements 
> Of: 



D(G) and D(H) 



Given. 



o And 
> So: 



D(G) and D(H) 



Given. 

o Then 

> Since 

- All: 

vertices and edges 

Of: 

G 

Is: 

a vertex or an edge 

Some 

o Element 

> Of: 
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D(G), 



we 

• Assume 

o That, 

> When: 

D(G) and D(H), 

are 

• Given, 

o The 

> Graphs: 

G and H 

have 

• Been 

o Constructed 

> From: 

- Them 

without 

• Explicitly 

o Mentioning 

> Any: 

- Construction. 

• Let: 

D(G) = { G u G 2 , G u }. 

• The 
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o Function: 



is 

• Used 

o To 

> Assign: 

a dkection and a JabeJ 

to 

• All edges 

o Of 

> All graphs 

- In: 



• Such that: 

• Satisfying: 

can 

• Be 

o Constructed. 
> Let: 



D(G), 



"an u-tuple" 



0 



$ : P(S G ) x N -)■ P(S S ), 
T(G, m d ) = G d , 
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D(G) = { G u G 2 , G u }, 

• And 



o Let: 

• Such that: 

is 

• The 



o Underlying 
> Graph 
- Of: 



And 
o Let: 



• Such that: 

is 

• The 



o Underlying 
> Graph 
- Of: 



Gdi c G d , 



Gd 2 c Gd, 



G 2 



Gd 2 , 
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• And 

o Let: 



G du c G d , 



• Such that: 

is 

• The 



o Underlying 
> Graph 
- Of: 



G 



d u ■ 



• Then: 

$(D(G), m) = { G dl , G d2 , G du }, 

• If: 

"the Godel-number" 

• Of: 

{ G dl , G d2 , . . . , G du } 

is 

• Equal 

o To: 

m, 
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And 

o Undefined 

> For: 

- Other cases. 

Let: 

$(D(G), m d ) = { G dl , G d2 , G du }. 

Then 

o We see that, 

> For: 

- All pair 



Graphs, 
o Say: 

G dt , G dj e $(D(G), m d ), 

And 
o For: 

et e E(G di ) and ej e E(G dj ), 

If: 

Ci and ej 

Are: 

"Same-State-Name-Edges" 

Then: 

the directions and labels 



257 



in 

• Both 



o Of: 

> Them 

will 

• Also 

o Be 

> The: 

- Same. 

• And 

o So 

> If: 

c dl = r(G dl ), C d2 = T(G d2 ), ... C du = T(G du ), 

then 

• It 

o Is 

> Obvious 

- That: 

(Cdi, c d 2 , C du ) satisfies: <>• 

Lemma 7. There 

• Exists: 

"a n(D(G), m)," 

such that, 

• It 
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o Satisfies: 

• Let: 

n(D(G), m) 

• Then 

o From: 

> Lemma 7, 

assume 

• That: 

CL 

• And 

o Let: 

C = 

• Then 

o Since: 

CL 

we see that, 

• There 

o Will 

> Exist: 

• Such that: 



0. 

CL = (Ci, C2, 



satisfies: 0, 



d u c 2 u ... u c M 



satisfies: {>, 
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• But 

o In 

> Some: 

- Cases, 

will 

• Be 

o A proper 

> Subset 

- Of: 

since 

• There 

o Maybe 

> automaton 

- In: 

generated 

• From 

o The 

> Whole 

- Graph: 



And 

o That: 

> Automaton 



will 

• Not be 



o An 

> Element 
- Of: 



C' 



• Exemplifying, 

o Let: 

srf x G Ci and srf 2 e C 2 , 

• And 

o Let: 

• And 

o Let: 

^ = (Q(4) u Q(^ 2 ), /K), T(4), U Z{s/ 2 )). 

• And 

o Let: 

G 

be 

• The 
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o Underlying 

> Graph 
- Of: 



• Then 

o We see that: 

will 

• Not be 

o An 

> Element 
- Of: 

• But 

o It 



> Will: 

- Certainly 



be 

• An 

o Element 
> Of: 

• And 

o So: 



c, 
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y, ||, O, © and <g> 

are 

• Used to 

o Construct 

> New automat 

- From: 

C, 

so that, 

• It 

o Will 

> Be: 

- Possible 

to 

• Construct 

o An 

> Element 

- Of: 

G* 

• From: 

C. 

• Let: 

V '||' and 'O' 

be 

• Subsets 



263 



o Of: 



Then: 



x 



Hold 
o If 



> And 

- Only if: 



JK) ^ T(4), 



And: 



Hold 
o If 



> And 

- Only if: 



And: 



TK) = T(4), 

^ 0 ^2 
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Hold 
o If 

> And 

- Only if: 

J(M) = T(4), 

And: 

Defined 

o To 

> Be: 

(Q, /K), T(4), 

Where: 

Q QW) U 

z = zw) u 

And: 

six ®J^2 



Defined 

o To 

> Be: 
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si = (Q, JK), TW), 

Where: 

Q U Q(s/ 2 ), 

Z = Z{six) U Z(£/ 2 ). 

Let: 

Q(D(G), m) = (d, C 2 , ... 

Such that, 
o It 

> Satisfies: 

0. 

And 

o Also 

> Let: 

c = Ci u c 2 u ... u 

The 

o Function: 

Used 

o To: 

> Add 
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new 

• Automata 

o Constructed 
> Using: 

e, 

• Into: 



l±l and 



C. 



• Formally, 

o Let: 

H : P(S^) -> P(S^), 

S a e P(S», 

• And: 

S b = { srf = jrfi®jrf 2 ■ sf\ >- ^2 for all ^2 e 5 0 }, 

Sj, = { jzf = ^a^ 2 : M II ^2 foraJJ jzf 2 e S a }, 

S b = { srf = srf x ®srf 2 ■ st\ 0 £^2 for all */ u srf 2 e S a }. 



• Then: 



= s a u s b u s c u s, 



Note that, 

o The 

> Value 

- Returned by: 
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may 

• Not 

o Be 

> An 

- Element of: 

• And 

o So 

> In: 

we 

• Iterate 

o Using: 

so that, 

• We will 

o Get 

> An 

- Element of: 

• Formally, 

o Let: 



: P 



S a e P(S*). 



• And 

o Let: 



Then: 



5*1 — S a , 

Si = fj,(Si-i), 



• Note that: 

uses 

• Only: 

while 

• Iterating, 

o And 

> The: 

- Function 9 

uses 

• Only: 



oo 



nc) = u Si 

i = i 
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©, ttl and 

• And 

o Operators 
t> In: 

- the list 10 

does 

• Not 

o Produce 

> Any 

- New: 

state or edge 

that 

• Is 

o Not: 

t> Present 

in 

• An 

o Automata 

> Of: 

• And 

o So: 

> After 
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• Finite 

o Number 

> Of 

- Iterations: 

St in V 

will 

• Not 

o Change. 

> And: 

- So 

the 

• Value 

o Returned 

> By: 

will 

• Be 

o Finite. 

> And: 

- Also 

since 

• No 

o New: 

state or edge 
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IS 

• Generated, 



o We see that, 

> The value 

- Returned by: 



will 

• Be 

o A subset 
> Of: 

Lemma 8. Let: 

• Then: 



C c Srf. 



*(C) c S*. 
3.3 Proving the conjecture 

Let: 

n(D(G), m) = CL = (d, C 2 , C u ). 

• Then 

o From: 

> Lemma 7, 

assume 

• That: 
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CL satisfies: {>. 

• And 

o So 

> From: 

- This, 

we see that, 

• There 

o Will: 

> Exist 

"a S-Graph," 

• Say: 

G d , 

• Such that: 

G dl c G d , G d2 c G d , G du c G d , (11) 

and 

C 1 = T(G dl ), C 2 = T(G d2 ), C u = T(G du ). (12) 

• And 

o So 

> Assume 

- That: 

c = r(G d ). 

• And 

o Let: 
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a = c x u c 2 u u a 

• Then 

o From 

> Equations 11 and 12, 

- We see that: 

C c C d . 

• Then 

o We see that, 

> It: 

- Maybe 

that 

• For: 

the 

• Relation: 

may 

• Hold. 

o And 

> So: 

- If 

we 

• Perform: 

tt(C'), 



u- 



^2 e C", 
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• Then: 



will 
• Be 

o Generated. 
> From: 

- Equation 1 1 , 

we see that, 



The 



o Underlying 
> Graphs 
- Of: 



will 
• Be 



o A subgraph 
> Of: 



G d . 



And 



o So 

> We see that: 

MC) c c d 

• And 

o So 
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> Let: 

c = a u n{C). 

• Then 

o We see that, 

> It: 

- Maybe 

that, 

• For: 

^2 e C", 

the 

• Relations: 

a/i y £? 2 , M || ##2, and sf\ O ^2 

may 

• Hold. 

o And 

> So: 

- If 

we 

• Perform: 

KC"), 

then 

• Some 

o New: 
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> Automata 

will 

• Be 

o Generated. 

> And: 

- So 

using 

• The 

o Same 

> Line: 

- Of arguments 

which 

• We 

o Gave 

> Earlier, 

- We see that: 

KC") c c d . 

• Then 

o Since 

> The: 

- Number 

of 

• Different 

o State 

> Names: 
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- Is finite, 

we see that, 

• There 

o Will be 

> A finite: 

- Limit 

to 

• Number 

o Of: 

> Relations 

that 

• Can 

o Hold. 

> And: 

- So 

after 

• A finite 

o Number 

> Of: 

- Iterations 

we see that, 

• No 

o New 

> Automata: 

- Will 



be 

• Added 

o Into: 

• And 

o Also: 

• But if 

o No 

> New: 

- Automata 

can 

• Be 

o Generated 

> By: 

- Considering 

the 

• Relations 

o Between 

> The 



C k c C d 



- Names of: 

initial-state and terminal-state 



of 

• All: 
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si G C k , 



then 

• It 

o Would: 

> Mean 

that, 

• All 

o Possible 

> Combinations 

- Using: 

(y, ©), (||, tti), and (O, ®), 

• And 

o All 

> Edges 

- Of all: 

fi/ G C k , 

would 

• Have 

o Been: 

> Generated, 

• And 

o Added 

> Into: 

C k . 
280 



Also 
o Since 



> For edges 
- In: 



there 
• Is 



o A corresponding 
> Automaton: 
- with 



one 

• Edge 
o In: 



can 

• Define 



E(G d ), 



And 

o Since: 

y, II, and O 



o All 

> Possible: 

- Name-relations 



between 
• All: 
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initial-states and terminal-states 



in 

• All 



o Automata 
> Of: 



we see that, 

• The 

o Duos: 

(y, ©), (||, tti), (O, ®), 

can 

• Be 

o Used 

> To: 

- Define 

all 

• Possible 

o Extensions: 

> To 

all 

• The 

o Already 

> Existing: 

- Paths, 
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• And 

o Also 

> All: 

- Combinations 

of 

• All 

o The already 

> Existing: 

- Paths 

using 

• The edges 

o In 

> All 



- Automata of: 



• And 

o So: 

> When 

no 

• New automata 

o Can 

> Be added 

- Into: 



c k , 



we see that, 
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• All 

o Combinations 

> Of: 

- All paths 

between 

• All 

o Pair 

> Of: 

- States 

in 

• All 

o Automata 

> Of: 

a 

would 

• Have 

o Been: 

> Generated, 

• And 

o Added 

> Into: 

C k . 

• And 

o So 
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> From: 
- This, 



And 



o Since 
> All: 

- Paths 



corresponds 
• To 



o A behavior, 
> And 



since 

• There 

o Is 



> An: 

- Automaton 



for 

• All 



o Combinations 

> Of: 

- Behaviors, 



And 



o Since 
> For: 

- All edges 



in 



An 



o Automata 
> Of: 



C k , 



there 

• Is 

o A corresponding 

> Edge 

- In: 

E{G d ), 

• And 

o Since: 

E{G d ) = E{G dl ) U E(G d2 ) U ... U E{G du ), 

• And 

o Similarly 

> For 

- All: 

we see that, 

• All 

o Possible: 

> Automata 



that 

• Can 
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o Be 

> Generated 

- From: 

Gd, 

would 

• Have 

o Been: 

> Generated, 

• And 

o Added 

> Into: 

C k . 

• And 

o So 

> From: 

- This, 

• And 

o Since: 

C k c 

• We see that: 

C k 

• And 

o So: 
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*(C") c d , 



• And 

o So: 

will 

• Be 

o An 

t> Element 
- Of: 

Lemma 9. Let: 

n(D(G), 

be 

• Such that, 

o It 

> Satisfies: 

• And 

o Let: 

a = 

• Then: 

• Note that, 



#(C") 
G*. 

m) (d, c 2 , a), 

0. 

d U C 2 U ... U C u . 
#(C") e G*. 
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o When: 

> A vertex 



is 

• Deleted 

o From: 

> A graph, 

the 

• Resulting 

o Graph 

> Maybe: 

- Disconnected. 

• And 

o Also 

> One: 

- Component 

of 

• The 

o Disconnected: 

> Graph 

may 

• Have 

o Only 

> One: 

- Vertex, 

• And 
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o No 

> Edge: 

- In it. 

• And 

o So 

> In: 

- Such cases, 

we see that, 

• No 

o Automaton: 

> Will 

be 

• Generated 

o From 

> That: 

- Component 

with 

• Just 

o One: 

> Vertex, 

- Since: 

S(T(G, ra), Vi, Vj, k) 

is 

• Defined 

o Only 
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> When: 

Vi and Vj 

are 

• Distinct, 

o And 

> When: 

- There 

is 

• At least 

o One 

> Path 

- From: 

Vi to: Vj. 

• Also 

o From 

> Now: 

- Onwards, 

we 

• Assume 

o That: 

G and H 

are 

• Graphs, 

o Such that, 
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> The: 

- Number 



of 

• Vertices 
o In 



> Both: 

- Of them 

are 

• Equal, 

o And 

> Also 

- Greater than: 

8. 

• Let: 

D{G) = { G u G 2 , G u }, 

D(H) = { Hi, H 2 , H u }. 

• Also 

o Assume: 

> That, 



M(D(G), D(H)) 



is 

• True. 



o And 
> Let: 
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fi(D(G), m G ) = CL G = (C Gl , C G2 , C G J, 

• Also 

o Assume 

> That: 

CL G satisfies: <0>. 

• Then 

o From: 

> Theorem 2.2, 

• And 

o Since: 

M(D(G), D{H)) 

• True, 

o We see that, 

> There: 

- Exists 

CL H , 

• Such that: 

CL H = (Cffi, Ch 2 , C Hu ) 
and 

t^Gi — <^Hi, <^G 2 — U H 2 , ^G u — <^H U - 

• Also 

o Since: 
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CLn satisfies 



• We see that: 



will 



Also 

o Satisfy: 



• Then 



of 



o Since 

> The: 

- Number 



Vertices 
o In 



Both: 



G 



are 



Greater 
o Than: 



we 



Can 

o Assume 



CL 



11 



0- 



and 



8, 
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> That: 



"C Gl and Cq 2 intersects," 

• And 

o So 

> Does: 

C Hl and Ch 2 - 

• Also 

o Since: 

C Gl = C Hl and C G2 = 

• We see that: 

Cgi n c G2 = c Hl n c H2 - 

• And 

o So 

> For 

- All: 



g Cg 1 n Cq 2 , 



there 

• Will be 



o An 

> Automaton 
- In: 



Cffi n Ch 2 



with 
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• The 

o Same: 

> Behavior, 

• And 

o Vice: 

> Versa. 

• And 

o So 

> Let: 

£/ G2 e C Gl n C G2 , 

and 

£^Hxi ^H 2 £ c Hl n c H2 , 

• Such that: 

I^Gil = and |j^ G2 | = |jzf Ha 

• Then 

o Since: 

Cd n Cg 2 = Cff! n Ch 2 , 

we see that, 

• There 

o Will: 

> Be 

a 

• Mapping 
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o Between: 

"the boundary-conditions" 

In: 

C Gl n C G2 and C Hl n C# 2 . 

And 

o So 
> If: 



• Then: 



And so 



o From 

> This, 

- We see that: 

• And 

o Similarly, 

> For: 



I, W), (O, 



And so 

o From 
> This, 



- We see that: 
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tt(C Gl U C G2 ) = *(C Hl u C H2 ), 

• And 

o So: 

#(C G ) = *(C H ), 

• Where: 

c G = c Gl u c G2 u ... u c Gu , 

Ch = U C# 2 U ... U Ch u - 

• Also 

o From 

> Lemma 9, 

- We see that: 

C G e G* and C H e H* 

• And so 

o From 

> Theorem 2.1, 

- We see that: 



Lemma 10. If: 



Then: 



G ^ H. 



M(D(G), D{H)) 



G ^ H. 



• See 

o McKay [3], 
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> For: 

- Proof, 



when 

• The 

o Number 

> Of: 

- Vertices 

is 

• Less 

o Than: 

9. 

Theorem 3.1. Ulam's-Conjecture 

• Is 

o True 

> For: 

"finite-connected-graphs " 

with 

• No: 

self-loops and multi-edges. 
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Appendix 

Definition 3. Let: 
be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 

for 

• All: 

Stan ^ai € C a , 



implies 
• That 

o There 



'C 6 ' 



$g x $g- 



C a Cb Cb 



/«) ^ 7« 2 ), 
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> Exists: 



Such that: 



Definition 4. Let: 
be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 

for 



*6l > -«*62 



e C b 



Ka 2 | = Kfc 2 |, 
/«) ^ /«), 

T«) = T«). 



'r ' 



x ^g- 



C a c c C5 
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All: 

^ai, £^a 2 £ C a , 



implies 
• That 



o There 

> Exists: 



• Such that: 



Definition 5. Let: 
be 

• A subset 

o Of: 

• Then 

o We 



7«J = 7« 2 ), 
T«J = T« 2 ) 



"61 , **& 2 



e C h 



*C2 I 



= 1^61 |. 



T«) = T«). 



x ^g- 
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> Say: 



C a Cd Cb 



if 

• And 



o Only: 
> If 



for 

• All: 



7«J = T«), 
T«J ^ 7« 2 ) 



implies 
• That 



o There 

> Exists: 



Such that: 



/«) = T«), 
T«) ^ /«). 



Definition 6. Let: 
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be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 



for 

• All: 



implies 
• That 



o There 

> Exists: 



C a c e Cf, 



e C a , 

/«) = T«) 



e C h 
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• Such that: 



Definition 7. Let: 
be 

• A subset 

o Of: 

• Then 

o We 

> Say: 

if 

• And 

o Only: 

> If 

for 

• All: 



/«) = T«), 
T«) = /«). 

'<=/' 



^G X ^G- 



C a C/ C 6 
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7«J ^ /«), 

T«) ^ T(,<), 

/«) ^ T«), 

T«J ^ /«) 

implies 

• That 

o There 

> Exists: 

£?bx, £^b 2 £ Cb, 

• Such that: 









l< 2 | 






AO 






no 












no 




/«). 
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